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THE LAW OF THE MEAN AND THE LIMITS ^ , § . 

By Pbopessob Wm. P. Osgood, Cambridfje, Mass. 

1. The very terms " indeterminate form " and " true value " indicate the 

fix) 
manner in which the ratio v > \ was regarded by the older mathematicians, 

r (x) 

when for a particular value of a;, x = a, f{x) and F{x) both vanish or both 

become infinite. These terms imply that the function 

<Pi-) = ^) (1) 

really has a value when x^a, but that the form in which the function is given 
us is unsuited to the determination of this value ; and so it was an easy step 
for the ascertainment of this " true value " to allow x to approach a as its limit 
and then seek the limit approached by ifiix). In fact, however, the above for- 
mula, while defining the function ^{x) in general, does not define it for the 
value X ^= a, and it would be possible, so far as logical reasons go, to define 
(p{a) as any quantity we may choose to select. When we agree, therefore, to 
assign to <p(x) for the value x = a the limit that </i{x) approaches when x ap- 
proaches a, we are adding, arbitrarily, to the definition of (fi{x) contained in 
(1) a definition neither contained nor implied in (1). The reason for this defi- 
nition is, of course, that in the cases that most frequently arise in practice (p{x) 
is a continuous function for values of x different from a, and if (/>{a) is defined 
as above, then ^(x) will be continuous for the value x =^ a too. 

2. The erroneous view above referred to is in itself a matter of small im- 
portance ; but it tends to obscure an essential part in a question of consider- 
able importance. The problem : to determine 

lim f{x) 
« =a F{x) 

when either (1) f{a) = 0, F{a) = or (2) f{a) = oo, ^{a) = oo is a twofold 
problem, consisting (I) in ascertaining whether the variable f(x)/t\x) actually 
converges toward a limit and (II) in case a limit exists, in finding what this 
limit is. This problem is solved for the cases that arise in ordinary practice 
by the aid of the following theorem, a simple and rigorous proof of which 
forms the subject of the second part of this paper. 
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Theorem : If{\)f{a) = 0, F{a) = or (2) /(a) = oo, F{a) = a>, andif 

/'{<«) 
F\x) 

converges toward a limit when x approaches a, then (I) "^ ' also converges 
toward a limit and (II) these limits are equal: 

Urn f{^ _ lim f\x) 



X 



■■ a F{x) x = a F{x) ' 



Here a inay denote either a fixed quantity or + oo, — co ; and the cases that 

"^ -^TT^T =4- 00, — 00 a7'e also included. 
X = a F\x) 

Remark. If f'{a), F\a) are both or both infinite, the theorem can be 

applied anew to the ratio y(^)/-^'W* Hence, in this case, 

lim fix) _ lim f"{x). 
x^aF{,x) x = aF"(x)' ' 

3. Let us first consider the treatment ordinarily given in the works on 

calculus for determininc ™ -^) ( , when f[a) = 0, F(a) = ; or as I will 
o a; = a J'(x) ^ \ ' 

say more briefly, the limit ^ . a; is written as a + ^ / then 

f(a + h) ~J{a) 

W) J^'ja + A) - F ja) ' 

h 
whence it is inferred that 

lim A^ _ f'(a) . 
x^a I\x) F'{a) ' 

i. e. (I) thaty(a!)/i^a;) approaches a limit and (II) that this limit is y'(a)/^'(''')-* 

* In his Analyse des Infiniment Petits, Paris, 1696, I'Hospital gives the theorem and proof in 
the following form (p. 145 ; the figure is an exact copy) : 

" Soit une ligne cowrbe AMD (AP = x, PM = y, AB = a) telle que la valeur de I'appliguee y toit 
exprimee par une fraction, dont le num^ateur et le denominateur deniennent ehacun zero U>r»gue 
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This is correct provided f'{a)/F'{a) has a meaning, i. e. is not of the 
form 0/0 or oo/ oo. But suppose that, as is frequently the case, f'{a) = 0, 
F'{a) = 0. Then we are told to differentiate again, forming f"{a)/F"(a) ; 
etc. For f\a)/F'(a) really has a meaning, according to the fallacious view 
above cited, only the "true value" eludes us in the unfortunate form that 
f'{a)/F\a) has taken on. Now here is a positive error, and it consists in 
the assumption that the " true value of f'{a)/F'{a) " obtained as the limit 

f{a + /') -A'l) 
lim A 

^ = ^ ^'(a + A) — F{a) 
h 

X = a, c'eit-drdire Im-sgue le point P tombe sur le point donne B. On demande quelle doit Itre alors 
la valeur de Vappliguee BD. 




" Soient entendues deux lignes courbes ANB, COB, qui ayent pour axe commun la ligne AB, 
et qui soient telles que I'applique'e PN eiprime le nume'rateur, et I'appliqude PO le ddnominateur 

AB X PN 

de la fraction generate qui oonvient 4 toutea les PM: de sorte que PM = p^j — . II est clair 

que ces deux courbes se reneontreront au point B ; puisque par )a supposition PN et PO devien- 
nent chacune zero lorsque le point P tombe en B. Cela pos€, si I'on imagine une appliqu^e M 
infiniment proche de B I), et qui rencontre les lignes courbes ANB, (JOB aux points /, g ; I'on aura 

bd = ^ J , laquelle ne diff^re pas de BD. II n'est done question que de trouverle rapport de 

bg 

bg'kbf. Or il est visible que la coupee AP devenant AB, les appliquees PN, PO deviennent 

nuUes; et que AP devenant Ab, elles deviennent bf, bg. D'oii il suit que ces appliquees, elles- 

m^mes bf, bg, sont la diffe'renoe des appliquees en 5 et S par rapport aux courbes ANB, GOB ; et 

partant que si I'on prend la diffe'rence du numerateur, et qu'on la divise par la difference du d^nomi- 

nateur, apre's avoir fait x = a =: Ab om AB, I'on aura la valeur cherchee de I'appliquee bd ou BD. 

Ce qu'il falloit trouver." 

_ Via'x — X* — afa^ ,, _ a' ■ 



Then follow the examples j/ 



a — y^aa' 



a — Vox 



with their solutions. 
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is the same quantity as the "true value of f'{a)/F'{a)" obtained as the limit 

lim f'{x) 
x = a T^' 

There is no reason in what has preceded why these two limits should 
stand in any relation to each other. For those readers who are familiar with 
the subject of double limits* the fallacy can be thrown into still more striking 
form as follows. Write 

/{a + h) -f(a) /(? + A)-/(c) 

h _ lim A 

2<{a + h)~ F{a) i = a ^'(^ + A) - F{^) 

'i h 

and 

/(? + h) -/(?) 
/Xi) _ lim h 

h 
Then the "true value oif'{a)/F'{a)" obtained in the first way is 

r /(^ + h) -/(?) 

lim f{x) lim j lim h 

x = a F(x) °'' A = Oi I = « F{i + A) _ ^ (^) 

I A 

while the " true value of f'(a)/F'{(i) " obtained in this second way is 

r /(? + A) -A^) 1 

lim ./'(I) ^„ lim ! lim A L 

f = a F'($) e = a V* = F{i + A) - l'\^) [ ' 

I A J 

and it remains to be proven that these two double limits are equal to each 
other. 

Thus this method for establishing the rule for evaluating the limit 0/0 is 
seen to be without foundation in a large class of cases, and the correctness of 
the rule itself in these cases is thereby called into question. 

A second method of establishing the rule consists in developing numerator 
and denominator into power series according to powers of x — a. But aside 

* For an elementary treatment of several qnestions in double limits cf. the writer's article : 
A Geometrical MetJtodfor the Treatment of Uniform Convergence and Certain Double Limits in the 
NoTember number of the Bulletin of the Amer. Math. Soc., 2nd ser., vol. Ill, 1896, pp. 59-86. 
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from the fact that the elaborate methods of infinite series are thus called into 
play to prove an elementary theorem, the rule is not even then established in 
the generality required in practice. Thus both methods would fail to prove 
the rule for the simple example 

lim tB^/3 — f a; + I 

X = 1 {X — lyi^ ' 

4. The term " true value " {veritable valexir or vraie valeur) was accepted 
by Cauchy and there is nothing in his presentation of the subject of "indeter- 
minate forms " in his two works on the differential calculus* to guard his readers 
against the wrong view above cited. In his Analyse algebrique of 1821 he 
sets the subject in its right light without however emphasizing the fact that 
we have to do here with two distinct and independent definitions of the func- 
tion <p{x)A 

In the Cours cP Analyse of 1823 he devotes half a page (p. 24) to the 
determination of the limit 0/0, giving I'Hospital's method in purely arithmetic 
form without commenting on the cases where it ceases to apply. But in the 
Calcul differentiel of 1826 he devised, in order to meet these cases, a method 
which in motif, simplicity and rigor leaves nothing to be desired — the method 
set forth in this paper. One oversight is noteworthy. Although Cauchy had 
in the theorem 

f(x) _ f{X) 

F(x) — F\X) 

all the material for the proof of the existence of a limit for f{x)/I'{x) under 
the hypothesis that f\x)/F'{x) approaches a limit, it did not occur to him 
to raise and dispose of this important question. On such phenomena we can 
measure the advance in analysis since Cauchy's time. 

5. The rule for evaluating the limit co/ oo (Case (2) of the Theorem of § 2) 
together with the proof ordinarily given (cf. for example Williamson's Differ- 
ential Calculus, Ch. IV) appears in Cauchy's Galcnl differentiel (pp. 41, 42). 
Here again only the second half of the theorem is proven, it being assumed 
that f{x)/F{x) approaches a limit. In his Analyse algebrique Cauchy had 
proved two lemmas regarding the limit of j\x)/x and [/(a;)]5 when f (^<x>) = 

00 and by transformation to these forms had dispos ed of the most commo n 
♦ Cours cP Analyse, the exact title being Resume des lemons aur le calcul infinitesimal, t. I. , 
Paris, 1823 ; Zegons sur le calcul differentiel, Paris, 1829. 

t The heading o£ tho paragraph (p. 45) is : Valeurs singulieres des Fonctions dans guelques oas 
partieuliers and the term vraie valeur nowhere appears in this section. It is to be regretted that 
mathematicians did not generally (De Morgan is an exception) adopt the term singular value in 
place o{ true value and the writer would suggest that it is not too late to make the change. 



70 OSGOOD. THE LAW OF THE MEAN AND THE LIMITS 7i , § • 

1 

limits of these types ; such as log x/x, a'/x, as*, when x = oo, etc. And in the 
Cours d' Analyse of 1823 there is nothing new on this subject. Whether the 
rule was known at that earlier time, but the proof was too loose to satisfy him, 
or whether he was himself the discoverer of the rule, — it is not likely that he 
would have overlooked it, had it been discovered earlier, — the writer cannot 
say. 

Du Bois-Beymond used the Law of the Mean to prove Case (2) of the 
Theorem of § 2 for the special case that F^.n) = x. Stolz gave the proof in 
the general case,* and his proof is the one now usually given. t It is repro- 
duced in substance, but given in more elementary form, in § 12 of this paper. 

The Law of the Mean. 

6. When mathematicians began, early in this century, to turn their atten- 
tion to obtaining a rigorous foundation for analysis to rest upon, they found 
that a theorem that is usually referred to as the Law of the Mean is of funda- 
mental importance for the Differential Calculus.J Hitherto the writers of 
text-books have treated this law as if it belonged to the higher regions of 
analysis ; while in fact, if rigor and simplicity are to characterize the treat- 
ment, this law and the methods based on it are indispensable from the begin- 
ning. 

The proof of the law usually given §, though simple and rigorous, is lack- 
ing in one important respect, for it does not emphasize sufficiently strongly 
the thought that underlies the proof. For that reason the writer thinks it 
desirable to reproduce the proof thus modified. 

Theorem I. Z,et f{x) ie a single valued continuous function of x in the 
interval a <x <h and let it have a derivative || for all values of x within 

* Math. Ann. vol. 14, 1879 ; also Stolz, Differential- und IntegralrecAnung, p. 77, where the 
literature is cited. 

tPeano, Calcolo differemiale, Turin, 1884; Tannery, Introduction d la tMorie des fonetions 
d'une iiariable, Paris, 1886 ; as well as Stolz, already cited. 

X The name Law of the Mean is also applied to certain well known theorems of the Integral 
Calculus ; but the context usually shows which one of these laws is meant. 

§ This proof is ascribed to O. Bonnet. Cf . Serret, Cours d' Analyse. 

II Confusion sometimes arises from failure to notice the definition of a derivative. The func- 
tion aix) is said to have a derivative in the point x„ if the variable 

y>(a!„ -t- Ax) ~ y(a!„) 
Ax 

converges toward a fixed limit or becomes positively or negatively infinite, when Ax converges con- 
tinuously toward 0, passing both through positive and through negative values. Thus if for x = x^ 
the curve y = ip{x) has a cusp with tangent parallel to the y-axis, ipix) has no derivative for x = x^. 
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thu interval: a <^ x < b. Then for at least one mean value X of x 



f{l) — <p(a) 



f'{X), 



a < X< h 
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(2) 



h — a 

This theorem is known as the Law of the Mean. 

Consider the curve y = <p{x). The ratio z ~ is the slope of the 

line AB and the theorem asserts that there is at least one point C {x ^ X) 
at which the tangent to the curve y = (p{x) has the same slope. Thus the 




figure not only renders the theorem plausible, but it points the way to the 
analytic proof. For, the point C is also characterized by the condition that 
its distance CD from AB, measured along a line parallel to the y-axis, is a 
maximum. This distance for a variable point P is PQ = MQ — MP or, 
since the equation of the right line through ^, ^ is 

(p{b) — <p{a) 



y 



PQ = 0{x) = 



{x — a) -\- <p{a) , 



<pQ>) — y(«) 



{x — a) -\- <p{a) — (p(x) . 



The function <P(x) vanishes when x = a and when x = b, and it must there- 
fore have a maximum or a minimum for at least one value X oi x between a 
and b, i. e. its numerical value (the distance PQ) must have a maximum. 
Hence* 

(l>'(x) = ^^^] ~ l^''^ - ^'(-^^ = ^> a< X<b, q. e. d. 

* For a detailed arithmetic proof of tliis last theorem of. Tannery, § 135. The theorem is 
known as BoUe's theorem and stated with exactness is as follows : If 0(x) is a single valued func- 
tion of as, continuous in the interval o ^ » ^ J and having a derivative at each point within the 
interval o < a! < ft ; and if ^(o) = 0, ^(b) = ; then there must be at least one value X ot x 
within the interval for which 

$'(X) = 0, a < X < 6. 

Harnack uses the above figure in his Differential Calculus (§ 37) to illustrate the fact which 
the theorem asserts, but not to suggest a proof of the theorem. His statement of the theorem is 
incorrect. 
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7. The Generalized Law of the Mean. Let J\x), F{x) be any two func- 
tions satisfying the conditions imposed on <p{x) and let F(b) % F{a). Then 

Ai) - f(a) = (h- a)f{?r,), a<X,<h 

F{b) - Fia) = {b- a)F\X^), a<X,<h 

and 

Now this equation is in general not applicable to the treatment of the subject 
of §§ 11, 12, because there is no reason why Xi, X^ should be equal to each 
other; it would be applicable if they were equal, and the question thus 
presents itself : Is it possible to find a value X such that, while perhaps dif- 
ferent from both X^ and X^, still the equation 

F{b)~F{a)-F\T)' «<^<0 

will hold ? The answer to this question is contained in the Generalized Law 
of the Mean, which is : 

Theorem II. Let f{x), F{x) be single valued continuous functions of x 
throughout the interval a ^x < b, having derivatives for all values of x 
within this interval, a <i x <ib; and let the derivative of F{x) be finite and 
different from 0, when x lies within this interval. Then there exists at least 
one value of X, mean between a and h,for which 

F{b) - F{a) -~F\X) ' <'<^<'>- (rf) 

Two lines of attack suggest themselves. One is to try to deduce this 
theorem from the foregoing by some ingenious transformation ; the other, to 
study directly the content of the theorem and from the hypothesis to try to be 
led to a proof. Let us examine these two methods successively. 

8. First Proof Let F{x) = s, x = F-' (z), 

f^a;)=f[F-^{z)]=<p{z), 
and denote F{a), F{b) resp. by a, /9. Then 

<p\Z), a<Z<^. 

But 

:S=/'(^) 



Ai)- 


- F(a) ' ^ - a 




,-w = ^. 



dz~'' "■ '' F\x) 



rr. 
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When X goes from a to b,z goes from a to /9, and hence for some value ^ mean 
between a and b, -^(X) = Z. Hence 



a < X< b. 



F{b) — i?'(a) 'F\X) ' 
Thus the formal proof is complete. Were its steps justifiable ? Consider 




the function z = F{x). Represent it by a curve. This function must always 
increase or else always decrease, when x goes from a to b.* For otherwise the 
curve would have points in which the tangent would be parallel to the «-axis 
(maxima, minima, etc.); but F'{x) was not to vanish within the interval 
from a to b. — Hence we infer that the curve is cut by the line z = s„, where 
« < ^0 < /9 in just one point ; i. e. that x regarded as a function of z, x = 
F-\z), is a single-valued function for all values of a < 3 < /9. That F-\z) is 
continuous is obvious from the figure ; and since 

lim Ax __ 1 dx 1 

Jz = Js 



lim Jz 
dx = Q Ax 



dz F'(x 



a finite limit different from 0. Finally y(;a;) = f[F-\z)'\ i. e. <f>(z) is a con- 
tinuous function of z having a derivative given by the above formula for (p'(z). 
9. Second Proof. The second method was that employed by Cauehy.t 
The proof that follows is in its essential features the same as Cauchy's ; but 
certain modifications in detail have permitted a gain in generality and sim- 
plicity. 

* Such a function is called monoton. 
t Oaleul differeniiel, quatrieme Ufon. 
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Let the derivatives fix), F'{x) be furthermore assumed to be continu- 
ous for all values of x within the interval : a < a; < J. F'{x) cannot change 
sign ; suppose that 

F'{x) > 0, a <x <h . 

Now if the theorem were not true, we should have 

fib) ~f{a) > fix) 
F{h) — F{a) < FXx) 

for all values of a < a; < 5. Only one of the two signs however is possible ; 
for if for some values of x the upper sign held, for other values, the lower, then 
the continuous function f'{x)/F'{x) would pass through the intermediate value 

4fix ^VA S'Dd for the corresponding value X of x the theorem would be 

rib) — J^{a) 

true. Suppose then the upper sign were to hold : 

^|^^i'» -/'(.•) > 0, a<x<l. 

The left hand side of the inequality is the derivative of the function 

m -'%) ^^"^''^ - ^'"^^^^ - 1-^*^^) ~'^(")^ ' 

the constant of integration having been so determined as to make the function 
vanish when x ^= a. This derivative being positive, the function increases as 
X increases, and hence for x ^ b must have a positive value. But for x ^= b 
it vanishes. From this contradiction follows that the upper sign cannot hold. 
Similar reasoning applies to the lower sign, and hence the assumption that the 
theorem is not true when F'{x) > is untenable. The case that F'{oi) < 
is treated in like manner, and hence the proof of the theorem is complete. 
10. Bonnet's Proof is as follows. The theorem requires that the equation 

F{b) - F\a) ^ ^''> J^"-'-^ 

should have a root X lying between a and b. The left hand side of this equa- 
tion is the derivative of a function that is readily formed. Now ti-y, in hopes 
of being able to apply BoUe's theorem, to construct this function in such a 
manner that it will vanish for a; =: a and for x = b. The first of these condi- 
tions determines the function completely ; it is 
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and the function, as good luck will have it, vanishes for x =^ b too. It satis- 
fies all of the conditions of EoUe's theorem and hence its derivative vanishes 
for a mean value of x, or 

^|^4g^i^'(X)-/'(X)=.0, a<X<l. q.e.d. 

Presented in this form, which seems to have been the form in which 
Bonnet himself conceived it, Bonnet's proof is natural enough, though requir- 
ing somewhat more ingenuity than Cauchy's ; and it is extremely simple. But 
as Bonnet's proof is usually presented* the function 

■S^j) 1 4(2) ^^^-^ - ^('^)^ - f-^<^*) --^("^^ 

appears as a deus ex machina, for it is written down without the assignment 
of any reasons for its formation, which seems to have been the result of a happy 
guess. Such a mode of presentation is always unsatisfactory ; but in the case 
of a theorem so fundamental as the foregoing, no pains ought to be spared in 
seeking out those lines of thought that led, or may naturally lead, to the source 
from which it sprang. 

The Limits - and -- . 
CO 

11. Proof of the Theorem q/" § 2 for Case (1). It is assumed that the 
functions fix), Fix) satisfy the conditions of Theorem II, § 7, for the interval 
from a to b, if b is not taken too far from a. f{a) = 0, F{a) = 0. Replace 
b by x. Then (3) becomes 

/(«') _ fU) 

F{x) ~ T\X) ' 
where JTlies between x and a and hence approaches a as its limit when x 
approaches a. If nowf(x)/F'{x) approaches a limit when the independent vari- 
able X approaches a continuously (i. e. passing through all intermediate values), 
then f'{X)/F\X) must approach a limit, and this will be the same limit, 
when X approaches a, no matter whether X passes through all intermediate 

values or not.t Hence f{x)/F{x) approaches a limit, namely ^4-t '• 

X — a jj txj 

lim fjx) _ lim f'{x) 
X = a Fix) "~ X = a F^ ' 
provided a is finite. 

«0f. Tannery, §§ 136, 137; Stolz, Ch. II. 

t It is to be noticed that all we know about X is that it lies between x and a ; hence when x 
approaches a, X, which is a function of x, may conceivably vary diaoontinuously , springing over 
whole intervals of values. The point of the above remark is that this makes no difference in the 
present case. 
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If a = 00 and f{ oo) = 0, F{ oo) = 0, then the statement and proof of 
the theorem of § 7 can readily be modified to meet this case. It is a good 

exercise for the student to carry througli this work. — Or a new variable x' = - 

X 

can be introduced and the proof given in the usual way. 

12. The Proof for Case (2). Let a ^ os. Let f{x), F{x) be continuous 
functions of x for all values of x> B, where B denotes a certain fixed value, 
and let both* derivatives f'(x), F'{x) be different from for all such values. 
Then it follows as in § 8 that fx), F{x) are monoton. In (3) call S, x and a, 
x', and write the equation in the form : 

FJF)- \- I(xJ ~ FXZ)' Ji^^<^<x. 

F\x) 

B shall moreover be taken so large that f{x), F{x) remain numerically greater 
than unity when x>_ B. 

If x', X are allowed to increase without limit, X must also increase indefi- 
nitely and the riglit hand side of this equation will then by hypothesis approach 
a limit. Now f{x),f{x'), F{x), F{x') all increase numerically at the same time 
indefinitely. If x can be made to increase so much faster than «' that /(«')//(«) 
and F{x')/F{x) both approach 0, then the second factor on the left hand side 
will approach 1 and hence the first factor (I) must approach a limit and (II) 

this limit must coincide with ^ ^^-^^' . The theorem will thus be estab- 
lished. 

The proof turns then on showing that x', x can actually be made to in- 
crease indefinitely in such a manner that 

lim^)=0, lim ^f) = 0. 
f(x) /(«) 

Let JB, be so taken as to satisfy the equation 

[/(«'.)]■'=/(«')■ 

This will always be possible if x is taken sufficiently large. For [f{B)f is 
numerically greater than ,f{^) ^^'^ hence the equation 



* The theorem is not stated here in the most general form to which the proof referred to in § 5 
is applicable ; but the present form is sufficiently general for practice. 
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■will have a root; A^ greater than £; and if x is taken greater than Ai, -^JXpo) 




will be numerically greater than f{B) and hence there will be an ^i > ^ such 
that 

Moreover if x' is any value of x lying between B and a,, f{x') will be numeri- 
cally less than/^ajj) and hence 

From this inequality it follows that 



_ < 1 or ® < 



[7^5^^ - Ax) ^IMi'- 

The same reasoning applied to the function J^{x) shows that if A^ is the 
root of the equation 

lF{B)f = F{x) 

and X be taken larger than A 2, the equation 

\Fix,}y = F{x) 
will have a root x^ greater than £ ; and if x' be taken between B and x^, 



lF{x')f 
F{x) 



< 1 , or i;^ < 



F\xy ^ [F{x)]i ' 



Now let A denote the larger of the quantities -4„ A^, x' the smaller of the 
quantities a;,, x^. Then it follows from the foregoing that we shall have simul- 
taneously 



/(*') 



< 



F(x') 



< 



/(«')=[/(«)]»' F{x)-\:F{x)y 



if aj > ^ 



suffices for the dif- 
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Hence f{x')/f{x) and F\x')/I'\x) both converge toward when x ^ co, a;' 
increasing at the same time indefinitely, aud the proof of the theorem is com- 
plete. 

13. Applications. The Limits X oo, 1", 0", oc". The general subject 
of the determination of a limit is of fundamental importance in analysis. The 
limits 0/0, oo/oo together with those just enumerated are among the simplest 
and moM common. In the differential calculus the computation of a small 

, «]• -1 i-i lim sin a; •■ lim f, . 1 
number of limits, like ^ - - and „ 1 1 ^ — 

ferentiation of the elementary functions. The formulas of differentiation once 
obtained and the Theorem of § 2 makes possible without the further computa- 
tion of any limits, the direct determination of those limits of the form above 
cited which arise most frequently in practice.* Here then is a general method 
for the determination of such limits, simple in theory and simple in applica- 
tion. To establish the theory of this method rigorously and at the same time 
in a manner easily intelligible to students of elementary calculus was the object 
of the second part of this paper. 

Habvabd University, 

Gambbidqe, Mass., January, 1897. 

* The form oo — oo does not appear in the above list for the reasoa that it is usually determined 
most simply by the aid of infinite series. 



